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A characterization of any solution to the minimization problem
min{(x—z{:xeK:=Cn A~ 'd}

is given, where A4 is a continuous linear map from a real Banach space X to a
locally convex topological space Y, ze X, Cc X is a closed convex set and de AC.
The resulting characterization for the case that X is a Hilbert space is that the
projection Px(z) of z to K is Pq(z¢+ z) for some zyeran A* provided deint AC.
An analogous characterization is also obtained for the solution to the nonnegative
best interpolation problem in the L, norm.  © 1993 Academic Press, Inc.

1. INTRODUCTION

Let X be a real Banach space, Y a locally convex topological linear
space, and 4: X —» Y a continuous linear map. For a closed convex set
Cc X, ze X, and de Y, we are interested in characterizing the solutions to
the following constrained best interpolation problem

min{|x—z| :xe K:=Cn A~ 'd}. (1.1)

Any solution x, to (1.1) is also called a projection of z to the closed convex
set K and is denoted by P (z) if it is unique.

In the particular case X'= L (£2) with 1 <p<owo, ¥Y=R", z=0, and C
the cone consisting of all nonnegative functions in L,(£2), [M85] has
shown that the solution to (1.1) is of the form

xo=(23)Y¥ 1), (1.2)
for any zF eran A* such that (z§)” Ve A ~'d, provided deint AC. The
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representation of the solution obtained in [MR85] for the case that
d¢int AC is

xo=(z)L" "V xay (1.3)

for some Q,<Q, under the assumption that L,(£2) be separable. The
importance of (1.2) or (1.3) is that the infinite-dimensional problem (1.1)
is converted to a nonlinear problem of finite dimension in this case. Unfor-
tunately, the subdomain @2, in (1.3) is not specified explicitly. A further
question is whether (1.2) and (1.3) hold when dim ¥ = oc.

In case X and Y are Hilbert spaces and C is a closed convex cone with
vertex O, (1.1) has been investigated intensively in [ M88, C89, C90]. When
Y=R" and z =0, it is proved in [ M88] that, under the condition

{A*y:(»,d)20}nC°= {0}, (14)
the solution to (1.1), i.e., the projection P,(0) to K, can be represented by
P (0)= P.(zo), (L1.5)

for any z,eran A* satisfying P.(zy)e A~ 'd In this case, as proved in
[C90], the condition (1.4) is equivalent to the following so-called Slater
condition [B78, p. 159]

deint AC. (1.6)

We note that in general the condition A ~'dint C# ¢ used in [M88] is
stronger than (1.6). In an effort to generalize the formula (1.5) to the case
z#0 and/or dim Y = oo, [C90] introduces the following condition, called
CHIP (conical hull intersection property),

S(K; x0)=S(C; xg) N ker A4, (1.7)
where S(K; x,) is the translation of the support cone for K at x,, ie.,

S(K; x0) := ) UK = x,).

/20

Under the CHIP condition (1.7), for the cone-constrained best interpola-
tion problem (1.1) in Hilbert spaces, the characterization of the projection
P.(z) to K obtained in [C90] is

72— Pu(2)eCO N (Py(z))* +ran A*. (1.8)

Condition (1.8) is a generalization of (1.5) since, as proved in [C90], the
CHIP condition (1.7) is satisfied as long as the Slater condition (1.6) holds.
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As a continuation of [C907], [C89] proves that C°n Py(z))* + ran 4* is
closed if the Slater condition (1.6) is satisfied, even for the case that C
is not just a cone. Therefore, in this case, their characterization for the
projection is

Py(z)=Pc(z + zo) (1.9)

for any zyeran A* such that P(z +z,)e A~ 'd

In this article, we tackie the problem (1.1) in a unified way, i.e., we con-
sider the problem in the case that X is any real Banach space and Y is any
locally convex linear topological space. In particular, the characterizations
obtained in [M85, M88, C89, C90] are special cases of the results
presented in this article. Moreover, we generalize the results in [M85] to
the case dim ¥ = oo. The improved result for (1.3) obtained without the
condition that L ,(£2) be separable in this article is that

xo= (2" " (1.10)

for any z¢ eran 4}* such that (z§)"/” =" e 4~ 'd, where 4, is the restriction
of 4 to the smaliest closed subspace X, containing K. In contrast to the
approaches taken in [M85, M88, C89, C90], we derive (1.2) and (1.9)
from the Kuhn-Tucker minimization condition for (1.1). The unified treat-
ment enables us to show that the Slater condition (1.6) is necessary for the
stability of the minimization problem (1.1). This implies that any attempt
to get rid of the Slater condition (1.6) is superfluous if the space X is
appropriate for (1.1).

This article is organized as follows. In Section 2, we recall some basic
notations concerning convex analysis. Section 3 is the main part of this
article. It contains a characterization of the solutions to the general mini-
mization problem

min{f(x): xeK:=Cn A~ 'd} (1.11)

for a nonnegative convex function f. The fourth section is devoted to
projection problems in Hilbert spaces. In Section 5, we apply the results
obtained in the previous sections to the specific nonnegative best interpola-
tion problems in the L, norm.

Throughout this article we use the following conventions.

The kernel of a continuous linear map A is denoted by ker 4, ran A4 is
the range of 4, and 4~'d is the preimage of de Y. We denote by A* the
adjoint of A. As usual, we denote by X* the dual space of X and write
(x*,x) for the value x*(x) of x*eX* at xelX, x':={x*eX*:
(x*,x)=0}. For /s X—>RuU {0}, the set epi f:={[x,r]e X xR:xeX,
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r= f(x)} is the epigraph of f. The interior of B< X and the closure of B
are denoted by int B and B, respectively. R, stands for the half line of all
nonnegative numbers.

2. PRELIMINARIES FROM CONVEX ANALYSIS

In this section we recall some related definitions from convex analysis.
Let X be a real locally convex linear topological space. The subdifferen-
tial of a convex function f: X - Ru {c0} at x is defined by

f(x)i={x*eX* x*—(x*, x)<f—f(x)}. (2.1)
Hence, x solves the following unconstrained minimization problem
min{ f(u) :ue X}

iff 0eéf(x). f is called subdifferentiable at x if df(x)# {J. A function f is
called Gateaux differentiable at x if there exists x* e X* such that

1ir(§1+(f(x+ty)—f(x))/r=(x*, ¥ Vye X. (2.2)

The x* in (2.2) is called the Gateaux derivative of f at x and is denoted by
Vf(x). In particular, when f is Gateaux differentiable at x, we have

of(x) = {Vf(x))}.
For any Bc X, denote by B° the polar of B, ie., the set defined by
BY:={x*eX* :(x* x)<, Vxe B}. (2.3)

It can be veried that B° is a w*-closed convex set in X*. The bipolar of B
is

B®:={xeX:(x*x)<1, Vx*e B°}.

When Bc X is a cone with vertex 0, the polar B® is called the dual cone
of B. It can also be characterized by

B® = {x*e X*:(x* x)<0, Vxe B}. (2.4)

For any Bc X, denote by S(B; x) the translation of the support cone of
B at x, that is,

S(B;x):= ) MUB-x). (2.5)

Az0
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In particular, S(B; x)= B+ span(x) if B is a cone with vertex 0 and xe B.
It can be verified that S(B; x) is convex if B is convex. The dual cone of
S(B; x) is denoted by S°(B; x). Therefore, S°(B; x)=B°nx* if Bis a cone
with vertex 0 and xe€ B.

For any B < X, the indicator function I is defined by

0, if xeB;

. 2.6
o0, otherwise. (26)

I5(x) :={

Hence, /5 is convex and lower semicontinuous if B is a closed convex set.
For a convex function f, dom f := {x€ X : f(x) is finite}. If dom f is not
empty, then f is called a proper convex function.

3. KUHN-TUCKER MINIMIZATION CONDITION

Suppose X and Y are two locally convex linear topological spaces and
X is real. Let A: X — Y be a continuous linear map and /1 X >R, u {0}
a proper lower semicontinuous convex function. For a fixed de ¥ and a
closed convex set C c X, we consider the minimization problem

m:=min{f(x):xeK:= CnAd~'d}. (3.1)

In this section, we give a necessary and sufficient condition for the existence
of Lagrange multipliers for (3.1). Here we call z*e Y* a Lagrange
multiplier for (3.1) if

(z*, Ax—d)< f(x)—m, VxeC (3.2)

In case A4 is an open map or ¥ =R", we show that one sufficient condition
for the existence of Lagrange multipliers is the Slater condition

deint AC. (3.3)

When C is a cone with vertex 0 and d#0, it is proved later that, for the
modified problem

min{ fi(x):xe Con 4" 'd}, (3.4)

the Slater condition (3.3) is satisfied automatically, where C, :=Cn X, X,
is the smallest closed subspace containing Cn A4~ 'd, and A, f, are the
restrictions of A4, f to X,, respectively.

As usual, a map A is called open if it maps open sets to open sets.
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PrROPOSITION 3.1.  For the minimization problem (3.1), the function
g YoR, ulow} iy—inf f(CnA'y) (3.5)
is convex.

Proof. For y,, y,edom(g,), >0, there exist x,, x,edom f such that
g()<Sflx)<gy)+06, xeCndly, i=12

Forany O<t<1, x,:=tx;+ (1 —1) x,e Cn A" 'y, with y, := Ax,. Since f
1S convex,

Jx)<tf(x)+ (1 =1) fx)<tg(y) + (1 — 1) ge(y,) +0.
Therefore, g (ty, + (1 —-t) yo)<tg, (y )+ (1 —1) g,(y,) and g, is convex. |

As we see in the above proof, the convexity of g, has nothing to do with
the semicontinuity of f.

ProPOSITION 3.2. If int A(dom fn C) # &, then the g, defined by (3.5)
is continuous on int dom g, under either one of the following conditions:

(a) Y=R"
(b) A is an open map.

In the proof of Proposition 3.2 we need the following lemmas.

LeEMMA 3.1. Suppose g is a proper convex function. If there exists a
nonempty open set on which g is bounded above, then g is continuous on
int dom g.

Proof. See [H75, p.82]. |

LEMMA 3.2. Suppose g: R" - Ru {00} is a convex function. Then g is
continuous on int dom g.

Proof. See [H75, p.84]. 1

Proof of Proposition 3.2. Since there exists deint A(dom fn C), we
know from the definition of g, that deint dom g, Therefore, by
Lemma 3.2, g, is continuous on int dom g, if ¥ =R".

When 4 is open, as assumed, there exists xe Cn A4 'dndom f, since f
is lower semicontinuous,

N(X) := (4 'int AC) A {x: f(x) < f(R) + 1}

is a nonempty open set on which f is bounded above.
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Therefore g, is bounded above on the open set AN(X) containing d.
Hence, g, is continuous on int dom g, by Lemma 3.1. |

Remarks. (1) The continuity of g, on int dom g, does not depend on
the semicontinuity of f if ¥ =R"

(2) When X is a real Banach space and Y is of second category, the
condition in Proposition 3.2 that A4 is an open map is satisfied automati-
cally since int AC # & implies ran 4 = Y. The assumption f>=0 is only
used to prove that g, is finite on AC. For the constrained best interpolation
problem (1.1), f:= |- —z||, so the condition that />0 is always satisfied.

From the definition of g, we know that the continuity of g, indicates the
stability of the minimization problem (3.1). So it is natural to request the
continuity of g, at d and deint AC. Proposition 3.2 provides sufficient
conditions for g, to be continuous on int dom g,.

THEOREM 3.1. Suppose x, is a solution to (3.1). Then, there exists
z* e (AX)* such that

(2%, Alx —x0)) S f(x) — flxo),  VxeC (3.6)

iff the corresponding g, is subdifferentiable at d.
Proof. Assume that (3.6) holds, set y := Ax. Then
(z*, y—d)<f—f(x;)y on Cnd 'y
Since f(xo)=g,(d), it follows that (z* y—d)<g,(y)—g(d) for all
ye AC, while this inequality always holds for y¢ AC since for such y,

g7(y)= oo by definition. Consequently, z* € dg,(d).
On the other hand, if z* € 0g,(d), then

(z*, y—d)< g (y)—g/(d).
For every xe Cn A~ 'y,
(z*, A(x —x0)) < g,(y) — g,(d).
Note f(x) = g,(y) for xe Cn A~ 'y and g, (d) = f(x,), so (3.6) holds. |

As a consequence of Proposition 3.1, Proposition 3.2, and Theorem 3.1,
we have the following theorem. The result for the case Y =R" appears
already in [N70].

THEOREM 3.2. Suppose deint A(dom f~C) and either one of the
following conditions holds
(1) Y=R"
(2) A is open.



126 KANG ZHAO

Then xoe K:=Cn A 'd is a solution to (3.1) iff there exists z¥e Y*
such that

(28, A(x — x0)) < f(x) — f(x0) (3.7)

for all xeC.

Proof. Tt is clear that (3.7) implies that x, is a solution to (3.1).

Conversely, according to Proposition 3.1 and Proposition 3.2, the convex
function g, is continuous at d. Therefore, g, is subdifferentiable at & (cf.
[H75, p. 84]). Thus the proof is completed by applying Theorem 3.1. ]

Consequently, we obtain the Kuhn-Tucker condition to characterize the
solutions to (3.1).

THEOREM 3.3,  Assume the conditions of Theorem 3.2. Then x,e K :=
CrnA~'d is a solution to (3.1) iff there exist y¥e S°C, x,) and z¥e Y*
such that either

A*z3 — y& € 0f (xo) (3.8)
if [ is continuous at some point in C or
Vf(xg) = A%z — g (3.9)

if [ is Gateaux differentiable at x.

Proof. As an immediate consequence of Theorem 3.2, x,eK is a
solution to (3.1) iff it is a solution to

min{ f(x)— (A*z,*, x)+ I~(x): xe X}

for some z§ € Y*. Here /. is the indicator function for C. Therefore, x,€ K
is a solution to (3.1) iff

Oed(f—A*zF + 1) (xp).

If f is continuous at some point in C, since 8I.(x,) = S°(C; x,), it follows
(cf. [H70, p.25]) that

Of — A%z + 1) (x0) = 8f (x0) — A*z& + S°(C; xo).

If f is Gateaux differentiable at x,, by (3.7), for any xe C and any
O0<1<«l,

(28, A(x = x0)) < (f(x0 + 1(x — X0)) — f(x0))/1,
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since xy+ 1(x —xy)€ C. Let ¢ go to 0, we obtain that

(28, A(x — x0)) < (Vf(xo), x—x,),  VxeC.

This implies that 4*zF —Vf(x,) e S%C; x,). Therefore, in this case we
have (3.9). |

Remark. When Y=R" as is pointed out in the remarks for Proposi-
tion 3.2, g, is continuous on int dom g, without the assumption that f is
lower semicontinuous. Therefore, in this case, we still have (3.9) if [ is
Gateaux differentiable at xg.

CorOLLARY 3.1. Suppose X is a real Banach space and ran A is a locally
convex topological linear space of second category. If d is an interior point
of AC relative to ran A, then xye K is a solution to (1.1) iff there exist

y2eS%C; xy) and zF¥ e (ran A)* such that (3.8) holds with f:=|.- —z|.
Furthermore, if |- —z|| is Gateaux differentiable at x,, then (3.8) becomes
(3.9).

So far, we have proved that for the minimization problem (3.1) with an
open map A or with Y= R", the Lagrange multiplier exists when the Slater
condition (3.3) is satisfied. The following theorem shows that the Slater
condition (3.3) is satisfied automatically if C is a convex cone with vertex
0, d#0, and X is the smallest complete space for the minimization problem
(3.1). In the rest of this section, the convex set C in (3.1) is assumed to be
a closed convex cone with vertex 0, X, is the smallest closed subspace
containing K:=CnA4'd, and Cy:=Cn X,. We continue to denote
A;: Xy — AX, and f, respectively, the restrictions of 4 and f to X,.

THEOREM 3.4. Suppose in (3.1) that C is a closed convex cone with
vertex 0 and d#0. Then xo€ K:=Cn A~ 'd is a solution to (3.1) iff there
exists zF € (A, X,)* such that

(A28, x —xo) < filxo) — filxo),  VxeCo. (3.10)
Proof. By its definition, X, is the closure of span(K). Since
Aspan(K) = span(d), it follows that 4, X, =span(d) and 4,Cy= {td : 1>0}.

It is clear that deint A C, because d#0. We complete the proof by
Theorem 3.2. |}

As immediate results of Theorem 3.3 and Theorem 3.4, we have
THEOREM 3.5. Assume the conditions of Theorem3.4. Then x,e K :=

C A~ 'dis a solution to (3.1) iff there exist yd € Conxy and 3 € (A, X,)*
such that either

Arzy —yEedfi(x) (3.11)
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if f| is continuous at some point in the cone C, or
Vfi(xo)=A*z§ — »¢ (3.12)
if 1, is Gateaux differentiable at x,.

COROLLARY 3.2. Suppose X is a real Banach space and Y is a locally
convex topological linear space. Then, x,€ K is a solution to (3.1) iff there
exist y*e Conxy and z¥ e (A, Xo)* such that (3.11) holds with f:= |- —z|.
If |, the restriction of |- —z||, is Gateaux differentiable at x,, then (3.11)
becomes (3.12).

When (3.3) is not satisfied, as is proved in the following, for any solution
Xy, there exists z* € X* such that

2*— (2%, xo) < S = f(xo) (3.13)
and
(z*, A(x — x0)) < (2%, x — Xp), Vxe C,. (3.14)

THEOREM 3.6. Suppose X, is a subspace of X and C < X is a convex cone
with vertex 0. Let Cy:= CnX,. If z¥ € (AXo)* is such that A*z§ < f on C,
and f(x,) = (2§, Ax,) for some xq€ Cynvint dom f, then there exists z* e X'*
such that (3.13) and (3.14) hold.

Proof. Let
B:={[x, (z¥ Ax)]e X xR :xe Cy}.

So B is convex and B nint epi(f)= . Since int dom f # (F and f is lower
semicontinuous, we have that int epi(f) # . Therefore there exist y* e X*
and A€ R, not all zero, such that

(y*, x)+ Ar= (% u)+ Az, Au) (3.15)

for all [x, r1eepi(f) and ue C,.
If, in (3.15), we take x =u=x,€ Cy, then we obtain A(r — (z§, Axy)) =0
for all r> f(xg). So A=20. If 1 =0, then

(y*, x—x0)=20, Vxedom f,

since x, € int dom f, this implies y* =0 and we get a contradiction.
Therefore, 4> 0. Without loss of generality, assume A= 1. Thus we have

(* x)+ f(x) = (y* w)+ (2§, Au), VxeX,ueCy, (3.16)

and (—yp* x—x0) < f(x)— flxp) for all xe X.
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If we take x =x, in (3.16), we obtain
(28, A(u—x0)) S(—y* u—x,), VueC,.
With the choice z* := — y*, we obtain (3.13) and (3.14). }

THEOREM 3.7. Let X,:= A 'span(d). Then x,e Cn A~ 'dnint dom f
is a solution to (3.1) iff there exists z* € X* such that

(2%, x —xo) < f(x) — f(xy), Vxe X, (3.17)

and (z*, x—x) 20 0n Cn X,.

Proof. As proved in Theorem 3.4, there exists z§ e (AX,)* such that
A*z¥ — (28, d) < [ — f(xg) on Cn X,. The proof is completed by applying
Theorem 3.6 to z§ and f— f(xo)+ (z&. d). B

4. PROJECTION PROBLEM IN HILBERT SPACES

Let X be a Hilbert space and K< X a closed convex set. For z€ X|
Py(z)€e K is called the projection of z to K if

lz—=Pe(2)ll < llz—x], Vxe Kk
It is well known that

Xo=Pr(z)<=(x—xg, 2 — X} <0, Vxe K. 4.1)

Equivalently, x, is the projection of = to K iff there exists y,e S%(K: x,)
such that z=xy+ y,.

In this section, we consider the special case where the convex set K is the
intersection of a closed convex set with a linear manifold. Suppose Y is a
locally convex linear topological space and 4: X — Y is a continuous linear
map. For de AC and a closed convex set C c X, denote by K the closed
convex set Cn A~ 'd. The goal of this section is to derive the following
more informative formula

Pr(z2)=Pc(zp+2) (4.2)
for any z,eran A* satisfying

Pc(zo+z)ed 'd. (4.3)

Actually, one only needs to prove that there exists zoeran A* satisfying
(4.2) since (4.3) implies P(zq + z) = Py(z) as is verified in the following.
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Let x, := Po(zo+2)e A~ 'd with zoeran A*. Then for every xe C,

(zo+z—x,,x—x,)<0.

Especially, for x € K, since x — x, eker 4 and (z,, x —x,) =0, we have

(z—x;, x—x,)<0.
This means that x, = P(z) by (4.1).

THEOREM 4.1.  Suppose X is a real Hilbert space, Y is a locally convex
linear topological space of second category, A: X = Y is a continuous linear
map and C < X is a closed convex set. If d is an interior point of AC, then
Xo= Px(2) iff there exists zo€ ran A* satisfying Po(z + zo)€ A~ 'd such that

xo=P(zy+ 2). (4.4)

Proof. 1If ze K, then let z,=0 in (4.4). Otherwise, let f:= |- —z|, then
Vf(xg) = (xo—2)/f(x,). From Corollary 3.1 we know that x,= P,(z) iff
there exist zoeran A* and yye S°%(C; x,) such that x,—z =z, — y, because
S(xo)>0. With this we obtain (4.4) from (4.1). |

As mentioned in Section 1, when Y is a Hilbert space, the conclusion
corresponding to Theorem 4.1 has been reached in [C89].

THEOREM 4.2. Suppose X, is the smallest closed subspace of X containing
K:=CnA 'dand Cc X is a closed convex cone with vertex 0. Denote by
A Xy— AX, the restriction of A to Xy and Co =CnX,. Then

Py(z) = Pz + zp) 4.5)

or any zoeran A* such that P.(z+zo)e A " 'd.
) Zg | 0

Proof. If zeK, let z,=0 in (4.5).

For z¢ K, if d=0, then K= Cnker 4 is also a closed convex cone with
vertex 0. Suppose z= Py (z)+z, and Py, = P, Py,(2)+ 2, for some z, e X
and z,€ CJn (P, Py,(2))*. Then we have

2= P Py(2)+ (2, +22). (4.6)

Since z,+2z,€ Con(Pg,Px(z))*, the equality Py(z)= P¢, Py,(z) follows
from (4.1). So we only need to choose z, =0 since P Py, = Pq,.

For d#0, take f:=|- —z| in Corollary 3.2. Suppose z=z,+z, for
some z,€X, and z,e€X;. Then the restriction of f to X, is
fi=U- =z, 1P+ lz2l*)"%. So the Gateaux derivative for f, at x, is
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{xo— z1)/f(x). From Corollary 3.2 it follows that x, = Px(z) iff there exist
o€ Conxy and zgeran A* such that
Xo—=Z1 =29~ Jo
because fi(x,)>0. By (4.1) we obtain
Py(z) = P(Pyy(2) + 20) = P(z + 20),
since Py, is linear and P Py, = P,.

Now suppose Y=R" and Ax:=3"7_, (D, x) e, for ®,e X, where e, is
the ith unit vector for R". Then ran A* =span(®,). Theorem 4.2 implies

THEOREM 4.3. Suppose X is a Hilbert space and A: X — R" is defined by

Ax:=37_| (D, x) e, Assume C is a closed convex cone with vertex 0 and
deR” Let K:=CnA~'d. Then for ze X,
Pylz)=P¢, <z+ Y () d’i), (4.7)
i=1

Sor any ceR" satisfying Po(z+3 c(i) P)e A~ 'd. Here Xo=(K*)* and
Co=CnX,.

Proof. Since Py, is a linear map, A, =3 e;Py ®;, by Theorem 4.2 we
have (4.7). |

ExaMpLE. We apply Theorem 4.3 to the problem
min{flx—z|| :xeCn A~ 'd}, (4.8)
where
C:={xeL,[0,3]: x>0},
Ax =Y (D, x)e;, P (t):=(1—|t—i]),,i=12,
d=1[1,0]eR? and z(¢) := 1

Since @,(1)>0 for 1 <r<3, it follows that X,=yx(o 17L,[0,3]. From
Theorem 4.3 we know that the solution x, has the representation

xo(t)=(’—ct), Xro. 11(7)

because @,(r)=1 on [0, 1]. Since

if ¢<0;

S =
w|n

1
f W =ct), = if ex1; (4.9)
4]

1

1 4 .
—(1=¢)——(1— 1
3(l c) 12(1 ), if O<e<l,
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by the interpolation condition, we obtain ¢ = —9/4. So the solution is

x()(’)=(’2‘*’%’)1[0,1](’)- (4.10)

5. NONNEGATIVE BEST INTERPOLATION IN Lp NOrRM

In this section, we apply the results obtained in the preceding sections to
the nonnegative best interpolation problem in L () for 1 < p < 0.

Suppose Y is a locally convex linear topological space, A: L,(2)— Y is
a continuous linear map, and C is the cone consisting of all nonnegative
functions in L,(£2). For a nonzero de AC, we consider the nonnegative best
interpolation problem

min{|x|:xe K:=Cn A4 'd}. (5.1)
LemMma 5.1 [H70]. f:=(1/p) |I-|” is Gateaux differentiable everywhere
with the Gateaux derivative Vf(x)=|x|” " sgn(x).

Now we are ready to give the representation of the solution of the
problem (5.1). As an immediate consequence of Corollary 3.1 we have the
following theorem.

THEOREM 5.1.  Suppose deint AC and Y is of second category. Then x,
is the solution to (5.1) iff there exists z¥ e ran A* such that

xo=(zH” Ved 'd (5.2)

Proof. From Corollary 3.1 it follows that x,e K is the solution to (5.1)
iff there exists z* eran 4* and y*e C°n x4 such that

Vi) =2t =y,
where f:= ||-]. By applying Lemma 5.1 and the Chain Rule, we obtain
xb T=czF -y,

where z& = |xoll ' 77 2%, yd = llxoll' 7 y*
Since y¥e C°nxgy, it follows that yd <0 and yd(r)=0 if x,(1)>0.
Therefore

xo=0HY7 1 (5.3)

Let g:=p/(p—1). For the case Y=R" and A4:=3%"_, ¢;¢, with
¢;€ L, (), [M85] obtains the characterization (5.2) under the following
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condition: There exists ge K such that ¢,, .., ¢, are linearly independent
on

G:={reQ:g(1)>0}.

Actually, the above condition is equivalent to deint AC as proved in the
following proposition.

PROPOSITION 5.1. When Y=R" and A=3"_, e;p;, deint AC iff there
exists g€ K such that ¢, ..., @, are linearly independent on

G:={1e:g(1)>0}.

Proof. Suppose ¢,, ..., @, are linearly independent on G for some ge K.
If d¢int AC, since AC is convex and Y= R", there exists nonzero e R”
such that

(b, d} < (b, Ax), ¥VxeC.
Since 0 e C and de AC, it follows that
(b, d)=0< (b, Ax), VxeC.

Let s:=A*b=Y"_, b,p,=5, —s_, then 5%” e C. Therefore, we have

i=1
j ss‘_’_“’:J‘ —slrrare 50, (5.4)
2 2

This shows that s = 0. Hence, (s, g) = (b, d)=0 implies that
s=0 on G.

This contradicts that ¢, ..., ¢, are linearly independent on G.
Conversely, if deint Ac, then there exist g,e C, i=0, ..., n, such that

o :=conv(Ag,, ..., Ag,)

is a simplex such that deint g. Therefore, there exist 0 <¢; <1, i=0, .., »,
such that

d=Y tAg,

i=0

and ¥7_, t;=1. Choose

640/73/2-2
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Since geC and Ag=3% t,Ag,=d, it follows that ge K. Note g(¢)=0
implies that g,(r)=0 for any i Hence, if there exists he R” such that
s:=>"_,b,0,=0 on G, then

i=1
(b, Ag))=(A*b, g,)=1(s, g)=0, i=0,..n

Since deinta, Ag,— Agg, .., Ag, — Ag, are linearly independent. There-
fore, b =0. Thus, we finish the proof. ||

In general, we have the following result:

THEOREM 5.2. Let X, be the smallest closed subspace containing
K:=Cn A 'd Denote by A: Xy —> AX, the restriction of A to X,. Then x,
is the solution to (5.1) iff there exists z§ e ran A* such that

Xo=(z3)" Ded 'd (5.6)

Proof. As shown in Theorem 3.4, d #0 implies that deint 4,C,. Since
A, X, =span(d), (5.6) is asserted by Theorem 5.1. [I

When Y=R", 4:=3%7_, e,®, for ®,e L (2), we have the following

i=1

corollary as an immediate result of Theorem 5.2.

COROLLARY 5.1, x, is the solution of (5.1) iff there exists ce R" such
that

m ip 1)
x0:<z ((’,, QD)(P:> EAFlda (57)

i=1 +

where X, is the smallest closed subspace of X containing CnA 'd and
A :=3"1_, ep, is the restriction of A to X,.
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